We study the integrability of the Hamiltonian normal form of 1 : 2 : 2 resonance. It is known that this normal form truncated to order three is integrable. The truncated to order four normal form contains too many parameters. For a generic choice of parameters in the normal form up to order four we prove a non-integrability result using MoralesRamis theory. We also isolate a non-trivial case of integrability.
Introduction
For an analytic Hamiltonian H(q, p) with an elliptic equilibrium at the origin, we have the following expansion H = H 2 + H 3 + H 4 + . . . , (1.1) where H 2 = ω j (q 2 j + p 2 j ), ω j > 0 and H j are homogeneous of degree j. It is said that the frequency vector ω = (ω 1 , . . . , ω n ) satisfies a resonant relation if there exists a vector k = (k 1 . . . , k n ), k j ∈ Z, such that (ω, k) = k j ω j = 0, |k| = |k j | being the order of the resonance.
There exists a procedure called normalization, which simplifies the Hamiltonian function in a neighborhood of the equilibrium and and is achieved by means of canonical near-identity transformations [3, 19, 21] . When resonances appear this simplified Hamiltonian is called Birkhoff-Gustavson normal form. To study the behavior of a given Hamiltonian system near the equilibrium one usually considers the normal form truncated to some order 1 z 3 , (1.5) H 4 = c 1 (z 1 ζ 1 ) 2 + c 2 z 1 ζ 1 z 2 ζ 2 + c 3 z 1 ζ 1 z 3 ζ 3 + c 4 z 2 ζ 2 z 3 ζ 3 + c 5 (z 2 ζ 2 ) 2 + c 6 (z 3 ζ 3 )
For the normal form of the 1 : 2 : 2 resonance, normalized to degree threē
symplectic coordinate changes allow to make the coefficients inH 3 real and additionally to achieve b = 0 [2, 9] . This makes the cubic normal form integrable (see also [1] where results on the integrability for other first order resonances are given). In particular, detailed geometric analysis based on 1 : 2 resonance is given in [9, 8, 7] . To see what happens in the normal form normalized to order four, van der Aa and Verhulst [2] consider a specific term fromH 4 , which destroys the intrinsic symmetry of (1.6) and as a result causes the loss of the extra integral. More geometric approach is taken by Haller and Wiggins [8, 7] . For a class of resonant Hamiltonian normal forms (1 : 2 : 2 among them) normalized to degree four, they prove the following results. First, most invariant 3-tori of the cubic normal form (1.6) survive on all but finite number of energy surfaces. Second, there exist wiskered 2-tori which intersect in a non-trivial way giving rise to multi-pulse homoclinic and heteroclinic connections. The existence of these wiskered 2-tori is the "geometric" source of non-integrability.
To study the integrability of the normal form (1.5) we adopt more algebraic approach here. We assume that at least one of (a, b) is different from zero, say a = 0, b = 0 (see the above explanations). On the contrary, if a = b = 0, i.e., there is no cubic part, there exists an additional integral I 1 := z 1 ζ 1 = p 2 1 +q 2 1 and the normal form truncated to order 4 is integrable. In particular, the normal form
is integrable with the following quadratic first integrals
For this case, the action-angle variables are introduced in a similar way as in [17] and the KAM theory conditions can be verified upon certain restrictions on the coefficients a j of the normal form (1.7). Further, we perform a time dependent canonical transformation as in [6, 5] to eliminate the quadratic part of (1.5). Still there are too many parameters in (1.5), so we take a generic choice which in cartesian coordinates reads
The main result of this note is the following
Theorem 1. For the system governed by the Hamiltonian (1.9) we have the following assertions: (i) if α = 0 it is non-integrable; (ii) if α = 0 it is Liouville integrable with the additional first integral
In order to prove (i) we make use of Morales-Ramis theory, see [14, 15, 16] for the fundamental theorems and examples of their applications. This theory gives necessary conditions for Liouville integrability of a Hamiltonian system in terms of abelianity of the differential Galois groups of variational equations along certain particular solution. It generalizes the Ziglin's work [23] who uses the monodromy group of the variational equations instead.
All the notions, definitions, statements and proofs about the differential Galois theory can be found in [12, 10, 18, 20] .
The proof of Theorem 1 is given in the next section. We finish with some remarks on application of this approach in investigating the integrability of other Hamiltonian resonances.
Proof of Theorem 1
In this section we prove Theorem 1. The proof of (i) is carried out in two steps. First, we find a particular solution and write the variational equation along it. It appears that its Galois group is SL(2, C) except for the cases β/( √ 2α) ∈ Z. Then we take the simplest case β = 0 and choose another particular solution. The Galois group of the corresponding variational equations turns out to be solvable, but non-commutative.
Proof: The Hamilton's equations corresponding to (1.9) arė
1)
,
In order to apply the Morales-Ramis theory we need a non-equilibrium solution. 
The proof is straightforward.
Denote dq j = ξ j , dp j = η j , j = 1, 2, 3. Then the normal variational equations (NVE) along the solution (2.2) is written in ξ 1 , η 1 variableṡ
Further, we put t = τ 2 (in fact, this transformation is a two-branched covering mapping which preserves the identity component of the Galois group of (2.3)). Denote P :=
We scale the independent variable τ → Qτ and perform a linear change
which transforms the leading matrix in (2.4) into diagonal form. Thus we get
For the system (2.5) τ = 0 is a regular singular point and τ = ∞ is an irregular singular point. Now we study the local Galois group G ∞ . By a Theorem of Ramis [11, 12] this group is topologically generated by the formal monodromy, the exponential torus and the Stokes matrices. One can find the formal solutions near τ = ∞, then the exponential torus T turns out to be isomorphic to C * , i.e., T = {diag(c, c −1 ), c = 0} and the formal monodromy is trivial.
In fact, for the general system of that kind Balser et al. [4] have obtained the actual fundamental matrix solution in terms of exponentials and Kummer's functions and as a result they have got the Stokes matrices. The detailed calculations can be found in [4] or [11] .
In our particular case (2.5) the Stokes matrices are
where
The monodromy around the regular singular point τ = 0 is M 0 ∼ = diag(e 2πi(iP ) , e −2πi(iP ) ). Since the differential Galois group G 0 is topologically generated by M 0 , then G 0 ⊂ G ∞ or G = G ∞ , but this is known result for the considered systems.
It is clear from (2.6) and (2.7) that the identity component G 0 of the Galois group of the system (2.5) is abelian if and only if s 1 = s 2 = 0, that is, iP ∈ Z or β/ √ 2α ∈ Z. Therefore, if
the Galois group of (2.5) is G = G 0 = SL(2, C) and the non-integrability of the Hamiltonian system (2.1) follows from the Morales-Ramis theory. Remark 1. Alternatively, one can reduce the system (2.5) to a particular Whittaker equation and study its Galois group with the same end result (see [14] ).
To see that α = 0 is the actual obstruction to the integrability, we proceed with the simplest of the cases when the second condition in (2.8) is violated, namely β = 0.
We need another particular solution.
Proposition 2. Suppose α = 0, β = 0. Then the system (2.1) admits the following solution
The proof is immediate.
Denote again ξ j = dq j , η j = dp j , j = 1, 2, 3. Then the variational equations (VE) along the solution (2.9) split nicely. Indeed, introducing the variables
The above system admits an integral 
Hence, the Galois group is represented by the matrix group 1 γ 0 δ , γ, δ = 0 , which is connected, solvable, but clearly non-commutative.
Remark 2. As a matter of fact, G is isomorphic to the semidirect product of the additive group and the multiplicative group G ∼ = G a ⋊ G m , see e.g. Magid [10] .
Therefore when α = 0, the Hamiltonian system (2.1) is non-integrable by the MoralesRamis theory. This finishes the proof of (i).
Remark 3. Note that we do not have a rigorous proof of non-integrability of the cases β = 0 in (2.8) . This is because we can't find a suitable particular solution. The reasoning is as follows: since the system (2.1) is non-integrable for the simplest and symmetric case β = 0, then it will be non-integrable for β = 0 in (2.8) again. Numerical experiments indicate chaotic behavior which suggests non-integrability. A meticulous proof would require probably the use of higher variations [15, 16] .
A natural question arises: what happens when α = 0, β = 0? Numerical experiments suggest a very regular behavior of the trajectories of (2.1). Note that if any additional integral F exists, it should be a real valued combination of the generators (1.3) of the normal form since {H 2 , F } = 0. After some calculations the function F (1.10) turns out to be the needed additional integral, which justifies (ii). This proves Theorem 1.
Concluding Remark
In this note we study the integrability of the truncated to order four normal form of the 1 : 2 : 2 resonance. This normal form contains too many parameters which makes difficult the complete analysis of the problem. Foe a generic choice of parameters we prove that the corresponding normal form is meromorphically non-integrable. Due to the works [8, 7] the non-integrability has a clear geometric and dynamical meaning. As in the study of other first order resonances [5] we use the Morales-Ramis theory.
Perhaps, the obtaining of two integrable cases is the more interesting result here. The first one (1.7) is natural and easy, moreover, it is KAM non-degenerated upon certain conditions on the parameters. The second one with the extra integral (1.10) is non-trivial and can not be explained by obvious symmetry.
In fact, we could extend the non-integrability result for a larger set of parameters of the normal form, but couldn't succeed in finding an additional integral, so it is preferable to state Theorem 1 in that way. Of course, this does not mean that there are no other integrable cases.
Let us note that the algebraic approach adopted here and in [5] can be applied to study integrability of other resonance Hamiltonian normal forms in three degrees of freedom. cf. [22, 13] . We can remove the quadratic part of the normal form H 2 one way or another. This allows us to deal with the resonances 1 : k : l even in the case when k ( or l) is negative. A systematic way how to obtain the generators of the corresponding normal forms is given in Hansmann [13] . Note that 1 : 2 : -2 and 1 : -1 : 2 are generically non semi-simple.
